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ABSTRACT
As the number of known planetary systems increases, the ability to follow-up
and characterize the extent of any system becomes limited. This paper considers
the use of specific angular momentum as a metric to prioritize future observations.
We analyze 431 planets in 367 known extrasolar planetary systems from Butler
et al. (2006) (including updates to their online catalog, current to April, 2011)
and estimate each system’s orbital angular momentum. The range of partition-
ing of specific angular momentum in these systems is found to be large, spanning
several orders of magnitude. The analysis shows that multi-planet systems tend
to have the highest values of specific angular momentum normalized against the
planetary masses. This suggests that in high angular momentum systems, the
dominant contributors have already been discovered, and that single-planet sys-
tems with low observed angular momentum may be the most likely candidates for
additional undiscovered companions compared to their high angular momentum,
single-planet counterparts. The multi-planet system, GJ 581, is considered as
a historical case study to demonstrate the concept, examining how the specific
angular momentum of the know planetary system evolved with each discovery.
Subject headings: extrasolar planets
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1. Introduction
In 2006, Butler et al. published a catalog of 172 known low-mass companions. The web
version of this catalog (http://exoplanets.org/planets.shtml) has been updated to include 431
planets in 367 systems as of April 18, 2011. With such an extensive catalog, it is possible
to perform a meta-analysis of these objects to uncover some of the general properties of
solar system formation. Previous studies have already analyzed the distribution of masses,
eccentricities, orbital distances (Butler et al. 2006; Halbwachs et al. 2005) and stellar
properties (Gonzalez and Laws 2007; Eggenberger et al. 2004; Santos et al. 2003). However,
a comprehensive study of the distribution of each system’s angular momentum has yet to
be performed.
By studying the angular momentum to other extrasolar planets, we can examine the
nature of these systems and probe their formation mechanisms. Similar work has been
performed on the combined orbital properties of the extrasolar planets. For example, Udry
et al. (2003) examined the distribution of orbital periods and masses of the extrasolar
planets as they relate to planet migration theory. They discovered that the so-called “Hot
Jupiters” tended to be lower mass planets compared to planets more distant from their
central stars (see Figure 1. in Udry et al.), and also noticed several gaps in the period
distribution indicating that planet migration is mass and distance dependent. The goal
of this study is to explore these ideas in more detail, by comparing the specific angular
momentum of planets across systems, thus removing the mass dependence.
Casting the problem in the light of a two-body central potential for those systems with
only one known planet, we can estimate the orbital angular momentum for each system.
Since most of the planets have been discovered using the radial velocity technique (Butler
et al. 2006), we have the minimum mass, Mpsin(i), the orbital properties (semimajor axis,
eccentricity, argument of perihelion, and orbital period) as well as the properties of the star
– 4 –
(star type and mass, and an estimate of the star’s radius). In §2, we describe the catalog
and our selection of systems to use for this study. We also discuss both the analytical,
two body orbital angular momentum calculation, and a numerical calculation to extend
the analysis to multi-planet systems. In §3 we show the distribution of angular momentum
with respect to planet and stellar mass and examine a case study in §4. The implications of
this work are outlined in §5.
2. Angular momentum calculations
For this study, we took a sample of 367 planetary systems, with 431 planets from
Butler et al. (2006), including web updates to this catalog current as of April, 2011. We
excluded one system, HD17092b, from the study because it lacked an estimate for the mass
of the parent star. For our calculations, we required the stellar mass and the planet mass
for each member of the system, along with their eccentricity, orbital period, semimajor axis,
and argument of perihelion. The angular momentum of single planet systems were first
computed analytically for verification. Next, all of the systems were numerically integrated
to compute the total orbital angular momentum.
2.1. Analytical calculation of orbital angular momentum
Treating each planet-star system as a two-body central force problem we calculated
the system’s total orbital angular momentum,
L = µ
√
GMa(1− e2), (1)
where µ is the reduced mass, G is the universal gravitational constant, M is the combined
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stellar and planetary mass, a is the semi-major axis and e is the eccentricity. This provides
the total orbital angular momentum only, excluding any rotational angular momentum of
the parent star. Since we only know the minimum mass in most cases, however, this can be
approximated by
Lobs ∼= Lsin(i), (2)
for a given inclination, i, assuming the mass of the planet is much less than the mass of the
parent star. The specific orbital angular momentum, J , of the system is
J = Lobs/M, (3)
where M can be replaced by either the mass of the planet, MP , or the mass of the star, M∗,
depending on the analysis. This analytical method provides a check against the accuracy of
the numerical simulations, and illustrates the dependence of angular momentum on planet
mass (L ∝ MP ) and distance from the star (L ∝
√
a), as well as the dependence of specific
angular momentum on stellar mass (JP ∝ M1/2∗ if normalized by the planet mass, and
J∗ ∝M−1/2∗ if normalized by the stellar mass).
2.2. Numerical calculations
To include multi-planet systems with the two-body systems, we numerically integrated
all systems over 1000 years using the symplectic integrator Mercury (Chambers 1999). Each
of the calculations used the measured values of semimajor axis, eccentricity, and argument
of perihelion for each planet in the system. In the case where either the eccentricity or
the argument of perihelion were unknown, they were assumed to be zero. In addition,
the mutual inclination of multi-planet systems was set to zero, and all planets started
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the integration at perihelion. The minimum timestep for each integration was 0.02 days
(roughly 1/200th of the shortest orbital period in the sample. The output was recorded
every 100 days during the simulation.
During the integration, each system was was monitored to insure both energy and
momentum were conserved, and the last computed heliocentric position and velocity of
each planet were used to compute the total angular momentum of the system. The total
angular momentum was use to derive two specific angular momenta: JP , the total orbital
angular momentum divided by the sum of the planetary masses in the system, and J∗, the
total angular momentum divided by the mass of the parent star. The numerical results for
two-body systems were validated against the analytical calculations outlined above.
Figure 1 shows the numerical results for JP as a function of stellar mass in four cases:
for all systems, for multi-planet systems, for systems with total planet mass more than
2.0 MJ , and for systems with total planet mass less than 2.0 MJ . Figure 2 is the same for
J∗. For comparison in both figures, the solid line represents the specific angular momentum
of a single Jupiter mass planet on a circular orbit at 5.2 AU around the parent star. Figure
3 plots JP vs. J∗ for the same four cases.
3. Results
Figures 1-3 detail the distribution of angular momentum in these systems, both
normalized against planet mass and stellar mass. In Figure 1, the majority of systems have
JP less than the somewhat arbitrary Jupiter model limit. Also, systems with low total
planet mass tend have lower angular momenta, and systems with higher masses have higher
angular momenta, independent of stellar distance.
The specific angular momenta in Figure 2 tells a parallel story. Again, we see that 67%
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of the multi-planet systems lie above the Jupiter model line. In addition, the systems with
higher total planetary mass are also above the Jupiter model line, and those systems with
lower total planetary mass are below it when the specific angular momenta are normalized
against the stellar mass. Figure 3 shows the trend between JP and J∗ for each system. As
expected, we see similar relationships.
Two types of systems are found on or above the Jupiter model line: systems with
a single large planetary mass, and those systems with multiple planets. The Jupiter
comparison, while arbitrary, seems significant. It is certain that Jupiter is the highest mass
planet in our system, and dominates the orbital angular momentum. The calculations
indicate that multi-planet systems tend to have the highest values of JP . Since we are fairly
certain we have found the highest mass planet in the multi-planet systems, this indicates
a potential upper limit on the total specific angular momenta for planetary systems, when
normalized against the planet mass. Additionally, in systems with one large planetary mass,
we have likely already discovered the dominant contribution to the angular momentum in
the system. This indicates that single-planet systems with low observed angular momentum
may be likely candidates for additional undiscovered companions compared to their high
angular momentum single-planet counterparts.
The full range of the specific angular momenta of the systems spans several orders
of magnitude, with the high planetary mass systems above the Jupiter model line, and
low mass systems below it. To further explore this, we generated histograms of the
known planetary properties for those systems with angular momenta above 1013 m2 s−1
(corresponding to the specific angular momentum of the Jupiter-Sun system). Figure 5
shows the fraction of systems for the planet mass (top panel) and the stellar mass (bottom
panel). The solid line is the total sample, the dashed line the system with specific angular
momentum less than 1013 m2 s−1, and the dotted line the systems with specific angular
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momentum greater than 1013 m2 s−1.
Again, according to Figure 5, the lower mass planets in the sample (those below
2.0 MJ) tend to have low values of the specific angular momenta. However, there appears
to be no pattern with respect to stellar mass.
4. A Case Study
Table 1: A case study of GJ 581 for the four known planets as well as the two unconfirmed
planets. The table lists the log (JP ) as well as JP relative to the specific angular momentum
of a system with only a Jupiter-like planet orbiting at 5.2 AU, denoted as JP,Jupiter
System log (JP )
JP
JP,Juipter
GJ 581 b 14.70 0.09
GJ 581 b,c 15.06 0.20
GJ 581 b-d 15.35 0.39
GJ 581 b-e 15.42 0.47
GJ 581 b-f 15.67 0.85
GJ 581 b-g 15.75 1.00
GJ 581 with ”Jupiter” 15.75 1.00
As noted above, single-planet systems with relatively low angular momentum may
have additional planets yet to be discovered compared to their high angular momentum
counterparts. To illustrate this point, we took a closer look at the multi-planet system, GJ
581. As of 2009, this system has four confirmed planets, GJ 581 b, c, d and e. Also, Vogt
et al. (2010) claim the discovery of two additional unconfirmed planets g and f.
To analyze this system in light of its history of discovery, we ran additional N-body
simulations of the system in the following configurations: GJ 581 b alone; b and c; b
– 9 –
through d; b through e; b through f; and one simulation with all six planets. Table 1 lists
the log (JP ) as well as JP relative to the specific angular momentum of a system with only a
Jupiter-like planet orbiting at 5.2 AU, denoted as JP,Jupiter. Note that as additional planets
are discovered, the value of log (JP ) approaches the Jupiter model line indicated in Figure
1 for a star with log M∗
Msun
= −0.5.
This case study reveals that, as new planets are discovered, the total planet-mass
weighted angular momentum, JP , increases. In 2005, GJ 581 b gave the system only 9%
of what one would expect from a Jupiter analog system. By 2007, when c and d were
discovered, that value reached 39%. By 2009, with the discovery of e, the value was as
high as 47%. By this analysis, the unconfirmed planets “complete the system”. In fact,
even if these planets are refuted, GJ 581 seems a likely candidate for additional planetary
discovery.
5. Discussion
The analysis outlined above leads us to the following observations:
• Based on the extrasolar planet catalog and an analysis of our solar system, there
appears to be a limit to the amount of angular momentum that can be expected in an
extrasolar planet system. Multi-planet systems, or systems with very massive planets,
approach this limit which is very close to the limit defined by the specific angular
momentum of Jupiter in our solar system.
• Planets with masses less than 2.0 MJ have the lowest total star-normalized specific
angular momentum, independent of semimajor axis.
• Planets with masses greater than 2.0 MJ have high total star-normalized specific
angular momentum, independent of semimajor axis.
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• Most multi-planet systems lie on or above the Jupiter model line in both JP and
J∗ specific angular momenta. In the case of JP , the standard deviation around the
Jupiter model line for the multi-planet systems is σ = 3.9 × 1015 m2 s−1. 55 Cnc,
with five planets, lies 3σ from that line, but τ Boo, with relatively low JP , is over 12σ
away from the Jupiter model line.
• High angular momentum systems may fall into two categories: systems where one
large planetary mass dominates, or systems with multiple planets. This potentially
indicates that systems with low angular momenta provide the best targets for future
study, as they may have a higher potential to contain more undiscovered companions.
• There is little dependence of specific angular momentum on stellar mass.
• Single planet systems with low measured planet-mass weighted specific angular
momentum may be likely targets for further planets to be discovered.
These observations, combined with previous work on the mass dependence of planetary
migration (Udry et al. 2003), show the low mass “Hot Jupiters” lost large amounts of
angular momentum compared to their high mass counterparts, which do not undergo
migration. However, this also shows that the mass dependence on the migration is
independent of other orbital parameters, as the angular momentum calculation specifically
includes the eccentricity. Highly eccentric orbits, in principle, can also lower angular
momentum, although mass is by far a more important factor (it takes an eccentricity of 0.7
to reduce the angular momentum by a factor of 2). Still, including the orbital properties,
the mass cutoff for this migration appears to be 2 MJ , with low mass systems losing
10 m2 s−1 to 1000 m2 s−1 of specific angular momentum during migration. In addition, Ida
& Lin (2004) have linked planetary migration rates to planet mass, and have numerically
estimated the distribution of planet masses as a function of semimajor axis. The angular
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momentum distribution further illustrates this point. Taking the time derivative of Eq. (1),
and using the fact that the migration time is inversely proportional to the rate of change in
semimajor axis, a˙ (Ida & Lin 2004), leads to
∂L
∂t
∝ a˙ ∝ 1
τmig
(4)
Since the migration time is proportional to the planet mass, larger mass planets have
lost less angular momentum during the same period of time, and migrated less than their
low mass counterparts. The implication here is that, since the angular momentum flux
is low, high mass planets on small orbits must have formed in situ and not moved there
via migration. Since the close-in planets are all low mass, migration is implicated in their
formation process.
Observational biases exist in the extrasolar planet database. The inclination of the
system, unknown in the vast majority of cases, will tend to increase our calculated values of
the the total angular momentum. However, systems inclined 45 degrees would only increase
the angular momentum by 42 %, which is small considering the angular momentum ranges
over three orders of magnitude.
In addition, after 12 years of searching, observers are just now probing Jupiter-mass
companions at Jupiter-like distances. At the moment, the angular momentum calculations
presented here are dominated by the planet mass. Systems with low mass, but a larger
semimajor axis, would also produce high angular momentum systems by a roughly
proportional amount give the ranges of masses and semimajor axes in question. The
dearth of low-mass, high angular momentum systems in our study may represent this
bias. However, the “Hot Jupiters” of the extrasolar planet parameter space are the most
well sampled and search techniques are most sensitive to high-mass planets. If there were
close-in, high-mass planets that were subject to angular momentum loss through migration,
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we would see them in this sample.
There are a number of additional questions to be addressed following this initial study.
As it stands, existing, undiscovered planets in these 190 systems might account for some of
the“missing” angular momentum. We suggest that the results from this paper might be
used to prioritize future observations in an effort to fill in the missing pieces of the story.
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Fig. 1.— Plot of the specific angular momentum, normalized to the total planetary mass of
each system, for all systems, multi-planet systems, systems with total planetary mass above
2.0 MJ , and systems with total planetary mass below 2.0 MJ . The solid line represents a
model of a Jupiter mass planet in a circular orbit at 5.2 AU for comparison.
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Fig. 2.— Plot of the specific angular momentum, normalized to the stellar mass of each
system, for all systems, multi-planet systems, systems with total planetary mass above 2.0
MJ , and systems with total planetary mass below 2.0 MJ . The solid line represents a model
of a Jupiter mass planet in a circular orbit at 5.2 AU for comparison.
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Fig. 3.— Plot of the specific angular momentum, normalized to the stellar mass of each
system, against the specific angular momentum, normalized to the system planet mass, for
all systems, multi-planet systems, systems with total planetary mass above 2.0 MJ , and
systems with total planetary mass below 2.0 MJ . The solid line represents a model of a
Jupiter mass planet in a circular orbit at 5.2 AU for comparison.
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Fig. 4.— Histogram showing the fraction of the total systems with measured parameters for
the planets and stars in the sample. The top panel is the planet mass (in units of MJ), and
the bottom panel is the stellar mass (in units of M). The solid lines represent all the systems
in the sample, the dashed lines are those systems with a specific angular momentum, J∗, less
than 1013 m2 s−1, and the dotted lines are those systems with a specific angular momentum
greater than 1013 m2 s−1.
